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1. Introduction 



Deformed quantum algebras, namely the q— deformed algebras p3| [T7J [18] and their 
extensions to (p, q)— deformed algebras [HE], continue to attract much attention. One 
of the main reasons is that these topics represent a meeting point of nowadays fast 
developing areas in mathematics and physics like the theory of quantum orthogonal 
polynomials and special functions, quantum groups, integrable systems and quantum 
and conformal field theories and statistics. Indeed, since the work of Jimbo |14] . these 
fields have known profound interesting developments which can be partially found, for 
instance, in the books by Chari and Pressley [3], Klimyk and Schumudgen [15] . Ismail 
Moudard [11] and references therein. 

The two-parameter quantum algebra, U Ptq (gl(2)), was first introduced in reference 
[2] in view to generalize or/and unify a series of q— oscillator algebra variants, known 
in the earlier physics and mathematics literature on the representation theory of 
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single-parameter quantum algebras. Then flourish investigations in the same direction, 
among which the work of Burban and Klimyk |T] on representations of two-parameter 
quantum groups and models of two parameter quantum algebra U Ptq (sui t i) and 
(p, q)— deformed oscillator algebra. Almost simultaneously, Gelfand et al.[7] introduced 
the (r, s)— hypergeometric series satisfying two parameter difference equation, including 
r— and s— shift operators. This new series reproduces the Burban and Klimyk's 
P, Q— hypergeometric functions. The (p, q)— deformation rapidly found applications in 
physics and mathematical physics as described for instance in pEJ |9j [TO] . 

Upon recalling a technique of constructing explicit realizations of raising and 
lowering operators that satisfy an algebra akin to the usual harmonic oscillator algebra, 
through the use of the three-term recurrence relation and the differentiation expression 
of Hermite polynomials, Galetti [5] has shown that a similar procedure can be carried out 
in the case of the three-term recurrence relation for Rogers-Szego and Stieltjes-Wigert 
polynomials and the Jackson g— derivative. This technique furnished new realizations 
of the q— deformed algebra associated with the q— deformed harmonic oscillator, which 
obey, well known and spread in the literature, commutation relations. 

In the same vein, after recalling the connection between the Rogers-Szego 
polynomials and the q— oscillator, Jagannathan and Sridhar [13] have defined 
a (p, q)— Rogers-Szego polynomials, shown that they are connected with the 
(p, q)— deformed oscillator associated with the Jagannathan- Srinavasa (p, q)— numbers 
[12] and proposed a new realization of this algebra. In a previous paper [8], we 
have proposed a theoretical framework for the (p, q)— deformed state generalization 
and provided a generalized deformed quantum algebra, based on a work by Odzijewicz 
[T7] on a generalization of q— deformed states in which the realizations of creation and 
annihilation operators are given by multiplication by z and the action of the deformed 
derivative &n >p>q on the space of analytic functions defined on the disc. 

The present investigation aims at giving a new realization of the previous general- 
ized deformed quantum algebras and an explicit definition of the (11, p, q)— Rogers-Szego 
polynomials, together with their three-term recurrence relation and the deformed dif- 
ference equation giving rise to the creation and annihilation operators. 

The paper is organized as follows. As a matter of clarity, we present in Section 
12 a brief review of known results on (1Z, p, q)— deformed numbers, binomial coefficients 
and quantum algebra. In section [3j we perform the realization of (1Z, p, q)— deformed 
quantum algebras using the (lZ,p, q)— difference equation and the three-term recurrence 
relation satisfied by (1Z, p, q)— Rogers-Szego polynomials. The key result of this section 
is the Theorem 13.11 giving the method of computation of relevant quantities. Section 
H] is devoted to the study of the continuous (1Z, p, q)— Hermite polynomials. We then 
give their definition and recurrence relation. In Section [5j relevant examples and their 
properties are provided and demonstrated. Finally, Section |6] ends with the concluding 
remarks. 
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2. (TZ, p, q)— numbers and associated (TZ, p, q)— deformed quantum algebras 

This section addresses the general theoretical framework as well as a brief review of 
known results on deformed numbers and deformed binomial coefficients. The calculus 
methodology leading to the definition and the computation of the three-term recurrence 
relation of polynomials is also exposed. 

In [8], we have derived the (TZ, p, q)— numbers which are a generalization of Heine 
g— number 

l-q n 



n 



l-q 



n = 0,1,2, 



and Jagannathan-Srinivasa (p, q)— numbers 



n 



p — q" 
p-q 



n = 0,1,2, 



(1) 



(2) 



Consider p and q, two positive real numbers such that < q < p, and a given 
meromorphic function TZ, defined on C x C by 



(3) 



iz(x, y) = r «zV 

k,l=-L 

with an eventual isolated singularity at the zero, where are complex numbers, 
L e N U {0}, TZ{p n ,q n ) > \fn e N, and n{l,l) = 0. Denote by B R ={z G C : 
\z\ < R} a complex disc and by 0(B>r) the set of holomorphic functions defined on Dr. 
Then, the (TZ, p, q)— number is given by [8] 

[n}n, P , q = TZ{p n ,q n ), n = 0,1,2,- •• (4) 

leading to define (TZ, p, q)— factorials 

1 for n = 

TZ(p, q) ■ ■ ■ TZ(p n , q n ) for n > 1 
and the (TZ, p, q)— binomial coefficients 



(5) 



m 
n 



J TZ,p,q 

that satisfy the relation 



[n\l-R.,p,q[m - n\\ n ^ q 



m,n — 0, 1, 2, 



m > n 



m 




m 


n 


1Z,p,q 


m — n 



m,n — 0, 1, 2, 



m > n. 



(6) 



(7) 



U,p,q 



There also result the following linear operators defined on 0(B) r) by (see [8] and 
references therein for more details): 

Q : (p i — > Qip(z) = ip(qz) 

P : (p i — > Pp(z) = <fi(pz) 

ip(pz) - ip(qz) 



d p , q : p i — > d P:Q (p(z) 



zip - q) 



(8) 
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and the (JZ,p,q) — derivative given by 

9n, P>g := d m j^Ln(p, Q) = Jrr^npP, vQ)d P , q . (9) 

The quantum algebra associated with the (R-,p, q)— deformation, denoted by A-ji, P , q , 
is generated by the set of operators {1, A, A\ N} satisfying 

AA* = [N + l) n , PA , A^A = [N] n , P , q ; 

[N, A] = -A, [N, A ] ] = A ] (10) 

with the realization on (9(Dr) given by [8] 

A* = z, A = dn, P , q , N = zd z , (11) 

where d z = is the usual derivative on C. 



3. (TZ,p,q)— Rogers-Szego polynomials and their related quantum algebras 

This section aims at providing realizations of (TZ, p, q)— deformed quantum algebras 
induced by (1Z, p, q)— Rogers-Szego polynomials. We first define the latter and their 
three-term recurrence relation, and then following the procedure elaborated in [5l [15] . 
we prove that every sequence of these polynomials forms a basis for the corresponding 
deformed quantum algebra. 

Indeed, Galetti in [5], upon recalling the technique of construction of raising and 
lowering operators which satisfy an algebra akin to the usual harmonic oscillator algebra, 
by using the three-term recurrence relation and the differentiation expression of Hermite 
polynomials, has shown that a similar procedure can be carried out to construct a q- 
deformed harmonic oscillator algebra, with the help of relations controlling the Rogers- 
Szego polynomials. Following this author, Jagannathan and Sridhar in [13] adapted the 
same approach to construct a Bargman-Fock realization of the harmonic oscillator as 
well as realizations of q- and (p, q)- deformed harmonic oscillators based on Rogers-Szego 
polynomials. 

As matter of clarity, this section is stratified as follows. We first develop the synoptic 
schemes of known different generalizations and then display the formalism of (1Z, p, q)- 
Rogers-Szego polynomials. 

3.1. Hermite polynomials and harmonic oscillator approach 

The Hermite polynomials are defined as orthogonal polynomials satisfying the three- 
term recurrence relation 

M n+1 (z) = 2zU n (z) - 2nH n _x(z) (12) 

and the differentiation relation 

^-M n {z) = 2riM n -x{z). (13) 
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Inserting Eq. (JTHjl in Eq. ( TT2"j) . one gets 

EUi(*)= (14) 

which includes the introduction of a raising operator (see [5] and references therein), 
defined as 

a+ = 2z-^- (15) 

dz 

such that the set of Hermite polynomials can be generated by the application of this 
operator to the first polynomial Hq(z) = 1, i.e., 

U n (z)=a n + W (z). (16) 

From Eq. ffTBl . one defines the lowering operator a_ as 

a_M n (z) = l^-M n (z) = nU^iz). (17) 
2 dz 

Furthermore one constructs a number operator in the form 

n = a + d_. (18) 
One can readily check that these operators satisfy the canonical commutation relations 

[o_, a + ] = 1, [n, a_] = — a_, [n, a+] = a+, (19) 

although the operators d_ and a + are not the usual creation and annihilation operators 
associated with the quantum mechanics harmonic oscillator. Thus, we see that one can 
obtain raising, lowering and number operators from the two basic relations satisfied by 
the Hermite polynomials, i. e. the three-term recurrence relation and the differentiation 
relation, respectively, so that they satisfy the well known commutation relations. 

On the other hand, if one considers the usual Hilbert space spanned by the vectors 
\n), generated from the vacuum |0) by the raising operator d + , then together with the 
lowering operator d_, the following relations hold 

d_d + — d + a + = 1, 
(0|0) = 1, 

|n) = a;|o), 

o_|0) = 0. (20) 

In particular, the next expressions, established using the previous equations, are in 
order: 

a + \n) = \n + 1), 
d_|n) = \n — 1), 

(m\n) = n\S mn . (21) 



Now, on the other hand, examining the procedure given in [13], the authors 
considered the sequence of polynomials 

^ n {z) = -^=K(z), (22) 
\/n\ 
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where 

obeying the relations 

—ip n (z) = VnV»-i(«), (24) 

(l + z)i; n (z) = Vn + lip n+1 (z), (25) 

I d 

dz 



1 + z)-^ip n (z) =mp n (z), (26) 



— ((1 + z)ip n (z)) =(n + l)ip n (z)- (27) 

Here equations (1251) and fl26|) are the recurrence relation and the differential equation for 
polynomials ip n (z), respectively. By analogy to the work done by Galleti, Jagannathan 
and Sridhar proposed the following relations: 

d n — (1 + z) ^ 

dz^ dz' 

for creation (or raising), annihilation (or lowering) and number operators, respectively, 
and found that the set {ip n (z) \n = 0, 1,2, •••} forms a basis for the Bargman-Fock 
realization of the harmonic oscillator ( 1X9]) . 



i+ = (l + z), a_ = — , h=(l + z)—, (28) 



3.2. Rogers-Szego polynomials and q-deformed harmonic oscillator 

Here in analogous way as Jagannathan and Sridhar |13j . we perform a construction of 
the creation, annihilation and number operators from the three-term recurrence relation 
and the q— difference equation founding the Rogers-Szego polynomials. This procedure 
a little differs from that used by Galetti [5] to obtain raising, lowering and number 
operators. 

The Rogers-Szego polynomials are defined as 

z k , n = 0,l,2.-. (29) 

i 

and satisfy a three-term recurrence relation 

H n+ i(z; q) = (1 + z)H n (z; q) - z(l - q n )H n ^(z; q) (30) 
as well as the g-difference equation 

d q H n (z; q) = [n] q H n ^(z; q). (31) 

In the limit case q — > 1, the Rogers-Szego polynomial of degree n (n = 0, 1, 2, • • •) well 
converges to 

M*) = E f I ) 



H n (z;q) = 

k=0 



n 
k 



Characterization of (TZ,p, q) -deformed Rogers-Szego polynomials 
as required. Defining 



ij>n(z', <?) 



--HJz) 



n 



n 
k 



n = 0,1,2- •• 



(32) 



one can straightforwardly infer that 

d q ipn{z; q) = sj\n\ q '4) n -i{z-, q) (33) 

with the property that for n = 0, 1, 2, • • • 

d^ +1 i) n (z- q) = and <9™^„(z; g) ^ for any m < n + 1. (34) 

It follows from Eqs. fl30|) and fl32|) that the polynomials {^ n (,2;g) | n = 0, 1,2, ••■} 
satisfy the following three-term recurrence relation 

\J[n + l] q ip n+1 (z; q) = (l + z)ifi n (z) q) - z(l - g)y^[n]^/> n _i(z; q) (35) 
and the q— difference equation 

((! + z)-(l- q)z d q ) ip n (z; q) = ^J[n+ l] q ^ n+1 (z; q) (36) 
obtained from Eq. (l33|) . Hence, it is natural to formally define the number operator N 



as 



Nip n (z;q) = nip n (z;q) 
determined for the creation and annihilation operators expressed as 

A* = l + z-(l-q)zd q and A = d q 
respectively. Indeed, the proofs of the following relations are immediate: 

Nip n (z\q) =mp n (z;q), 
A ] ip n {z-q) = yj[n+ l] q ip n+1 (z;q), 



(37) 
(38) 



(39) 
(40) 

(41) 
(42) 
(43) 

} provides 



Aip n (z;q) = ^J\n\qipn-i(z;q), 
A ] Aip n (z;q) = [n] q i/j n (z; q) = [N] q ip n (z;q), 
AA^ n (z; q) = [n + l) q ip n (z; q) = [N + l] q ^„{z; q). 

Therefore, one concludes that the set of polynomials {ip n ( z ; q) \n = 0, 1, 2. 
a basis for a realization of the g-deformed harmonic oscillator algebra given by 

AA ] - qA^A = 1, [N, A] = -A, [N, A f ] = A ] (44) 

3.3. (TZ,p,q) — generalized Rogers-Szego polynomials and quantum algebras 

We can now supply the general procedure for constructing the recurrence relation for 
the (7Z, p, q)— Rogers-Szego polynomials and the related (1Z, p, g)-difference equation 
that allow to define the creation, annihilation and number operators for a given 
(7Z, p, q)— deformed quantum algebra. This is summarized as follows. 
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Theorem 3.1 If(f>i(x,y) (i = 1,2,3) are functions satisfying: 

<t>i(p,q)?0 fort = 1,2,3, (45) 
<j>i(P, Q)z k = #(p, q)z k for z G C, k = 0, 1, 2, • - • i = 1, 2 (46) 

and i/j moreover, the following relation between (lZ,p,q) — binomial coefficients holds 



n + 1 
k 



Tl,p,q 



n 
k 



K,p,q 



n 

k-l 



- <fa(p, q)[n]n, P ,q 

for 1 < k < n, then the (H,p, q)— Rogers-Szego polynomials defined as 

n 

H n (z;K,p,q) = ^2 



n — 1 
k-l 



K,p,q 



J Tl,p,q 



(47) 



k=0 



n 
k 



z K , n = 0,1,2 



(4? 



n,p,q 



satisfy the three-term recurrence relation 

H n+1 (z;K,p,q) = H n (<f) 1 (p,q)z : K,p,q) 



+ Z(p2(P,q)H n (zcj) 2 1 {p,q);'R,,p, q) 
- z(p 3 (p, q) [n} n ,p,qH n _i (z; TZ, p, q) 



(49) 
(50) 



and (Jl,p,q) — difference equation 

d n ^ q H n (z;K,p,q) = [r^n^Hn^z; K,p, q). 

Proof: Multiplying the two sides of the relation ( 1471) by z k and adding for k = 1 to n 

we get 



£ 

k=l 



n + 1 
k 



z k = ^4>\{p,q) 

TZ,p,q k=l 



n 
k 



TZ,p,q 



=i 

i(p,q)[n]ii, P , q Y^ 



k=l 



n 

k-l 



k=l 



J TZ,p,q 



n — 1 
k-l 



z k . 



(51) 



K,p,q 



After a short computation and using the condition (j4T|) we get Eq. (j4*9]) . Then there 
immediately results the proof of Eq. (l50|) . □ 
Setting 

ip n (z;n,p,q) = j=^= H n (z;K,Piq), (52) 
and using the equations ( 1491) and ( 1501) yield the three-term recurrence relation 

(01 (P, Q) + (?: 9)02 X ( P > Q) - #3(P, q)dn,p,q) ^n{z] H,p, q) = 



n + l\n,p, q ip n +i(z;TZ,p,q) 



(53) 
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and (JZ, p, q) —difference equation 

dn, P ,q^n(z;TZ,p,q) = \J\p]^ q ^ n -i(z; TZ,p, q) (54) 
for the polynomials ipn{ z ', 7t,P, q) with the virtue that for n = 0, 1, 2, • • • 

n,p, q) = and d™ p J n (z; 1Z,p,q)^0 for m < n + 1. (55) 
Now, formally defining the number operator N as 

Nip n (z;1Z,p,q) = mp n (z;K,p, q), (56) 
and the raising and lowering operators by 

^ = (MP, Q) + z$(j>, qW(P, Q) - zMP, Q)dn,P, q ) and 

A = &K, P , q , (57) 

respectively, the set of polynomials {ip n {z; 1Z,p,q) | n — 0, 1, 2, • ■ ■} provides a basis for 
a realization of (1Z,p, q)— deformed quantum algebra A^p^q satisfying the commutation 
relations f lTUj) . Provided the above formulated theorem, we can now show how the 
realizations in terms of Rogers-Szego polynomials can be derived for different known 
deformations simply by determining the functions <pi (i = 1,2,3) that satisfy the 
relations (l4"5]) - (pE?j) . 



4. Continuous (1Z,p, q)— Hermite polynomials 

We exploit here the peculiar relation established in the theory of q— deformation between 
Rogers-Szego polynomials and Hermite polynomials [TTJ [121 EE HB] and given by 

e i{n - 2k)e ,n = 0,1,2, •••,(58) 

q 

where H n and H n stand for the Hermite and Rogers-Szego polynomials, respectively. 
Is also of interest the property that all the q— Hermite polynomials can be explicitly 
recovered from the initial one Ho(cos#; q) = 1, using the three-term recurrence relation 

W n+1 {cos6;q) = 2 cos#H n (cos#; q) - (1 - g n )H n _i(cos0; q) (59) 

with HLi(cos6>;g) = 0. 

In the same way we define the (1Z, p, q)— Hermite polynomials through the 
(1Z, p, q)— Rogers-Szego polynomials as 

M n (cos 6; 11, p,q) = e ine H n (e- 2ie ; 11, p,q), n = 0,1,2,.-.. (60) 

Then the next statement is true. 

Proposition 4.1 Under the hypotheses of the theorem \3.1[ the continuous (1Z,p,q)- 
Hermite polynomials satisfy the following three-term recurrence relation 

H n+1 (cos#; 11, p, q) = e l 6 <f>t (p, q)fa(P, Q)U n (cos9; 11, p, q) 

+ e" J V! ip, q)fe\P, Q)H„(cos 6; 1Z, p, q) 

- fa(j>, q)[n)n, P ,qfi&n-i{cos9;K,p, q). (61) 



H n (cos#;g) = e inB H n {e 



-2i 



';?) = £ 



k=0 



n 
k 
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Proof: Multiplying the two sides of the three-term recurrence relation (1491) by 

e i(n+i)e ^ we OD ^ a i n) f or z = e -2 * 6 , 

e^^H^e-^^U^q) = e^ e H n (<p l (P,q)e~ 2ie ;'R,p,q) 

+ e^ e <^{p,q)H n {<t>2 l (p,q)e- 2i6 ;K,p,q) 

- e^ e Mp,q)[n}^ q H n ^ (e- 2i6 ;K,p,q) 
= e te e me MP,Q)H n {e- 2W ;n,p,q) 

+ e- ie r 2 (p, q)e in W(P, Q) H n (e~ 2ie ; K,p, q) 

- HP,q)[n]n, v , q e i[n - l)0 H n ^ (e- 2ie ;K,p,q) . 

The required result follows from the use of the equalities 

n 

e me MP,Q)H n (e- 2ie ;K,p,q) = </>? {p,q)<f> x {P,Q)e M H n (e~ m -n,p,q) , 
e m9 fc\P,Q)H n (e-™;n,p,q) = 

^(P,Q)fc\P,Q)e md H n (e- 2ie ;K,p,q) (62) 

with 

faiP, Q)e- 2lke = #(p, q)e~ 2lk \ j = 1, 2, k = 0, 1, 2, ■ • • . (63) 

□ 



5. Relevant particular cases 

The following pertinent cases deserve to be raised, as their derivation from the previous 
general theory appeals concrete expressions for the deformed function lZ(p,q). 

5.1. lZ(x,y) = ^ q 

In this case, the (TZ, p, q)— numbers are simply given by 

[n] P , q = TZ(p n , q n ) = PlzSl, n = 0, 1, 2, • • • 

p — q 

with the (TZ, p, q)— factorials defined by 

1 for n = 



TT P k ~ 1 k = ((P>g)i(P>g))n for n>1 (64) 
11 p - q {p-q) n 

They correspond to the Jagannathan-Srinivasa (p, g)-numbers and (p, g)-factorials[12, 

EES]. 

There result the following relevant properties. 
Proposition 5.1 If n and m are nonnegative integers, then 

[n + m] p , q = q m [n] p , q + p n [m] M = p m [n} p>q + q n [m] M , 
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-m\ 



p.q 



q- m p- m [m} Ptq , 



-m m n—m r 



[n - mj Pi g = q [n\ Ptq -q p [m\ p>q = p [n\ m -q p [m\ m , 
Hp.q = [ 2 \vA n ~ 1 \pa ~ Pll n ~ 2 \p,q- ( 65 ) 



Proposition 5.2 The (p,q) — binomial coefficients 

_ \ n V- P ,q ((p,q);(p,q)) n 



n 
k 



p.q 



[k]\ p Jn - k]\ m ((p, q); (p, q)) k ((p, q); (p, q)) n -k ' 



(66) 



where < k < n, n e N, and ((p, g); (p, g)) m = (p — g)(p 2 — g 2 ) ■ ■ • (p m — q m ), m e N, 
satisfy the following identities: 



n 




n 


k 




n — k 









k(n—k) 



p-q 



n + 1 

n + 1 
k 



P 



P 



n 
n 



p 



n+l-k 



p-q 



+ p 



n+l-k 



p-q 



n 
k 

n 

k-1 
n 

k-1 



P 



k(n—k) 



q/p 



n 

n — k 



q/p 



p-q 



p-q 



(p n - <f 



n — 1 
k-1 



(67) 

(68) 

(69) 
p-q 



with 



n 
k 



(q/p; q/p) T 



q/p 



(q/p; q/p) k (q/p; q/p) n -k' 



where (q/p; q/p) n = (1 _ <z/p)(l ~~ <? 2 /p 2 ) • • • (1 — q n /p n ) and the (p, q) — shifted factorial 
((o, 6); (p, 9 ))„ = (a - 6) (op - 6?) • • ■ (op"- 1 - 60'- 1 ) 



fc=0 



jfe 



(_ ^ fe p(«- fc )(™- fe - 1 )/ 2 g fe ( fe ~ 1 )/ 2 a ™- fc 5 fc _ (70) 



The algebra Ap >g , generated by {1, A, A\ N}, associated with (p, q)— Janagathan- 
Srinivasa deformation, satisfies the following commutation relations [T2l [T3] : 



N 



AA ] - pA^A = q N , AA^ - qA^A = p 
[N, A ] ] = A\ [N, A] = -A. (71) 

The (p, g)-Rogers-Szego polynomials studied in [13] appear as a particular case 
obtained by choosing <f>x(x, y) = 4>2(x, y) = 4>(x, y) = x and 03 (x, y) = x — y. Indeed, 
<Hp> q) — P 0, 03 (Pj q) = P ~~ q 0, 4>(Pj Q)z k = 0i(p, 9)^ fc and Eq. (l6"9l shows that 



n + 1 




n 


k 


= p k 


k 




p,q 





+ p 



n+l-k 



p-q 



n 

k-1 



- (p-q)[n] m 



p.q 



n — 1 
k-1 



p-q 



Hence, the hypotheses of the above theorem are satisfied and, therefore, the 
(p, q)— Rogers-Szego polynomials 



H n (z;p,q) = 



k=0 



n 
k 



z k n = 0,1, 2,--- 



(72) 



p.q 
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satisfy the three-term recurrence relation 

H n+1 (z;p,q) = H n (pz;p,q) + zp n H n (p~ l z;p, q) 
-z(p n -q n )H n ^(z;p,q) 

and (p, q)— difference equation 

d M H n (z;p,q) = [n] Piq H n ^i(z;p,q). 
Finally, the set of polynomials 

1 



*Pn(z;p,q) 



--H n (z;p,q), 



n 



0,1,2,.-. 



(73) 
(74) 

(75) 



forms a basis for a realization of the (p, q) —deformed harmonic oscillator and quantum 
algebra A p , q satisfying the commutation relations (171]) with the number operator iV 
defined as 



(76) 
(77) 



Nip n (z;p,q) = mp n (z;p,q), 

relating the annihilation and creation operators given by 

A = d M and A f = P + zp N P" 1 - z(p - q)d M 

respectively. Naturally, setting p = 1 one recovers the results of the subsection 13.21 

The continuous (p, q)— Hermite polynomials have been already suggested in [12] 
without any further details. In the above achieved generalization, these polynomials are 
given by 



U n (cos6;p,q) = e md H n (e- 2: *' 



E 

fc=0 



n 
k 



n 



0,1,2, 



(7f 



p.q 



Since for the (p, q)— deformation (f>i(x,y) = 2 (x,y) = x and (f> 3 (x,y) = x — y, 
from the Proposition 14.11 we deduce that the corresponding sequence of continuous 
(p, q)— polynomials satisfies the three-term recurrence relation 

e„, +1 (cos 6- p, q) = p? (e ie P + e- ie p- 1 )e„(cos 6; p, q) 

-(p n -q n )U n _ 1 (cose;p,q), (79) 

with Pe %e = p~ 1 / 2 e t6 '. This relation turns to be the well-known three-term recurrence 
relation (!5"9l for continuous q— Hermite polynomials in the limit p — > 1. As matter of 
illustration, let us explicitly compute the first three polynomials using the relation ( 1791) . 
with H_i (cos 9;p,q) = and H (cos 6;p,q) = 1: 

Mi(cos0;p,g) = p°(e*P + e^P^l - (p° - g°)0 = e ie + e~ ie = 2cosfl 



1 




1 










e 







1 






P.9 




P>9 



e 2 (cosfl;p,g) =p2(e^P + e-^P~ 1 )(e iy + e" ie ) -{p-q)l 
= e 2 





= 2 cos 20- 


hpH 


-9 


2 


e 2W + 


2 


e 0i8 + 


2 







1 


2 






p,g 




p,q 
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H 3 (cos 0; p, q) = p(e i9 P + e~ ib ' p- l ){e 2ie + e' 2W +p + q) 

- (p 2 - q 2 )(e ie + e~ ie ) 
= e 3id + e~ 3W + (p 2 + pq + q 2 )(e id + e' w ) 
= 2 cos 36 + 2(p 2 +pq + q 2 ) cos 6 



3 



e M6 + 


3 
1 


e i6 + 


3 
2 


e- i6 + 


3 
3 








p,g 




p,g 





-3i9 



P-M 



5.2. n(x,y) - Jp ^ )x 

The (7Z, p, g)-numbers and (7Z, p, q)— factorials are reduced to (p -1 , g)-numbers and 
(jo -1 , q)— factorials, namely, 



and 



Hp-\ q 



p n — q n 
p 1 — q 



1 for n = 



for n > 1, 



(80) 

respectively, which exactly reproduce the (p, g)-numbers and (p, q)— factorials introduced 
by Chakrabarty and Jagannathan[2]. 

The other properties can be recovered similarly to those of section I5TTJ replacing the 
parameter p by p^ 1 . 

The (1Z, p, q)— derivative is also reduced to q)— derivative. Indeed, 

p-q 1-PQ 







"R-,p,q 9p,q 



p-Q (p- 1 - q)P 

(P- 1 - Q) = d p -i, q 



81) 



(p 1 - q)z 

obtained by a simple replacement of the dilatation operator P by P _1 . 

The algebra A p -i tq , generated by {1, A, A\ N}, associated with 
(p, q)— Chakrabarty and Jagannathan deformation satisfies the following commutation 
relations: 

A A ] - p- l A^A = q N , AA^ - qA^A = p~ N 

[N, A^} = A f [N, A] = -A. (82) 

Hence, the (p~ x , q)— Rogers-Szego polynomials 



n 
k 



z K n = 0,1,2,- •• 



p ,q 



H n (z;p \q) = 

k=0 L 

obey the three-term recurrence relation 

Hn+i{.Z]p~ l ,q) = F n (p -1 ^;p -1 ,g) + zp~ n H n (pz; p~ l , q) 

-z{p- n -q n )H n ^{ Z] p-\q) 

and (jo -1 , q)— difference equation 

d p -\ q H n (z;p,q) = [n] p -i jq H n ^i(z;p,q). 



13) 



55) 
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Finally, the set of polynomials 

i(> n (z;p~ l ,q) = * — =H n (z;p~ 1 ,q), n = 0,1,2, ■•• (86) 

forms a basis for a realization of the g)— deformed harmonic oscillator and quantum 
algebra A p -i <q generating the commutation relations (182j) with the number operator N 
formally defined as 

Nip n (z; p _1 , q) = nip n (z; p -1 , g), (87) 
and the annihilation and creation operators given by 

A = d p -i iq and A f = P- 1 + zp~ N P - zip- 1 - q)d p -i >q , (88) 
respectively. Naturally, setting p = 1 permits to recover the results of the subsection 13.21 

5.3. n(x,y) = J ^k Vy 

In this case, the (1Z, p, q)— numbers and (1Z, p, q)— factorials are reduced to 



MS. = 

q — p 1 



and 



n f 1 for n = 
[n]! - = (^^%^ for n>l, (89) 

introduced in our previous work [9], generalizing the q— Quesne algebra |18j . 
Then follow some remarkable properties: 

Proposition 5.3 If n and m are nonnegative integers, then 

[-m]?, q = -p- m i m W% q , (90) 

[n + = Q- m Hl q + P n [m]g 9 = p>]g, + q^[m]%, (91) 
[„ - m ]Q q = q™[n]l q - p n - m q m [m}% q = + p- m q"{m\% (92) 

Proof: Eqs.f l90p and f l9T|) are immediate by the application of the relations p~ m — q m = 
-p- m q m (p m -q~ m ) andp n+m -q- n ~ m = q- m (p n -q- n )+p n (p m -q~ m ) =p m (p n -q- n ) + 
q- n (p m — q- m ), respectively, while Eq. (l92|) results from the combination of Eqs.( l90|) and 
(l9TT) . Finally, the relation 

N M - = = = ^>]g„ » = 1,2, • • (94) 

p — q 1 p — q 1 q — p 1 p — q 1 

cumulatively taken with the identity 

Mp,9-i = [2] M -i[n - l] P , ff -i - pq~ l [n - 2] M -i 
gives Eq.pjj). □ 



r 10 q ~ p 
= 
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Proposition 5.4 The (p,q) — Quesne binomial coefficients 

{{p,q~ l );{p,q~ l ))n 



n 
k 



PA 



((p,g _1 ); b,g" 1 ))fc((p,g _1 ); (p,g _1 ))n-fe' 



15 



(95) 



where < k < n; nGN, satisfy the following properties 



n 




n 


k 




n — k 




p,g 





p 



fc(n— fc) 



p.q 



n 
k 



P 



fc(n— fc) 



n + 1 
k 

n+ 1 
k 



Q 



p,q 



pa 



p 



p 



n 
k 



n 
k 



Q 

p,q 
Q 



+ q 



+ p 

PA 



-n-l+k 



n+l-fc 



J 1/qp 

n 

k-1 



n 

k-1 

n — 1 
k-1 



n 

n — k 



,(96) 



l/qp 



Q 



p,q 



(97) 



Q 



pa 



p.q 



(9£ 



Proof: It is straightforward, using the Proposition 15.11 and 



n 


Q 


n 


k 




k 




PA 





(99) 

PA' 1 

□ 

Finally, the algebra A® q , generated by {1, A, A\ N}, associated with (p, q)— Quesne 
deformation satisfies the following commutation relations: 

p- x AA^ -A^A = q- N ~\ qAA^-A^A = p N+l 

[N, A f ] = A\ [N, A] = -A. (100) 

The (p, q)— Rogers-Szego polynomials corresponding to the Quesne deformation [9] are 
deduced from our generalization by choosing (f>i(x,y) = 4>2(x,y) = 4>(x,y) = x 
and 4> 3 (x,y) = y — a; -1 . Indeed, it is worthy of attention that we get in this case 

4>{py q) — p 7^ 0; 03(P) q) — q — p 1 o, 4>{Pi Q) zk — 0i(p> q) zk an d from Eq.( 



71 + 1 


Q 


n 


k 




k 




PA 





+ p 



n+l-fc 



PA 



n 

k-1 



(q-p l )[n] Ptl 



p.q 



n — 1 
k-1 



PA 



Hence, the hypotheses of the theorem are satisfied and, therefore, the (p, q)— Rogers- 
Szego polynomials 



H%(z;p,q) = Yl 



fc=0 



n 
k 



z\ n = 0,1, 2,--- 



(101) 



PA 



satisfy the three-term recurrence relation 

H® +l {z;p,q) = H%{pz;p,q) + zp n H%{p- 1 z;p,q) 
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-z(p n -q- n )H^ 1 (^P,Q) 

and the (p, q)— difference equation 

d% q HQ(z;p,q) = [n]% q H^ 1 (z;p,q). 
Thus, the set of polynomials 



-.Hg(z;p,q), n= 0,1,2, 



16 
(102) 

(103) 
(104) 



forms a basis for a realization of the {p,q)— Quesne deformed harmonic oscillator and 
quantum algebra A® q engendering the commutation relations fllOOp with the number 
operator N formally defined as 

N^(z;p,q) = mp%(z;p,q), (105) 

and the annihilation and creation operators given by 

A = d® q and A* = P + zp ff P- 1 -z(q-p- 1 )dpA, (106) 

respectively. Naturally, setting p = 1 gives the Rogers-Szego polynomials associated 
with the q— Quesne deformation [TS] . 

The continuous (p, q)— Hermite polynomials corresponding to the (p,q) — 
generalization of Quesne deformation [9 J can be defined as follows: 



«(co S «;p, 9 ) = e M i/«(e- 2 « , ;p, 9 ) 



fc=0 



n 
k 



An~2k)e n = 0,1,2, 



(107) 



p.q 



Since for the (p, ^-generalization of Quesne deformation [9] <pi(x, y) = fafa, y) — x and 
<f) 3 (x,y) = y — x^ 1 , from the Proposition 14. II we deduce that the corresponding sequence 
of continuous (p, q)— Hermite polynomials satisfies the three-term recurrence relation 

(cos 9; p, q) = p? {e l6 P + e^p-^H^cos 0; p, q) 

-(p n -q- n )BS^{cose;p,q). (108) 



5.4. TZ(x,y) = h(p,q)y u /x' 1 



xy — 1 
_(q-p~ 1 )y_ 



Here < pq < 1 , p M < q v ~ x , p > 1 , h is a well behaved real and non-negative function 
of deformation parameters p and q such that h(p, q) — > 1 as (p, g) — >■ (1, 1). 

The (TZ, p, g)— numbers become (p, g; //, z/, /z)-numbers introduced in our previous 
work [TU] and defined by 



n 



p,q,h 



h(p, q) 



pfJ.n q _ p 1 



(109) 



Proposition 5.5 The (p, q; p,, u, h)— numbers verify the following properties, for m,n G 
N; 



~— 2vm+m 
~ m \p,q,h ~ ~ p-2p,m+m \. m \p,q,hi 



(110) 
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[n + m] 



p,q,h 



n vm—m _ra 

1 Ir,]^ + _1 



5" 



p,q,h 



[n — m]^" 



p,q,h 



P 



—vm+m 

1 \ n ]W 

-lira L ip,q,h 



P 



f(n-2m)+m 



,fi(n-2m)-n+m L J P,<?,/i 



Mi 1 ' 



9 



P~ 



fim+m \- n \p,q,h „)i(n-2m)+ra [ m ]p,<j,/i' 



p,q,h 



Proof: It is direct using the Proposition 15.31 and the fact that 



n 



p,U 

p,q,h 



q 



Proposition 5.6 T/ie (p,q, fi,i>,h)— binomial coefficients 

p,,u 



n 
k 



vk{n—k) 



p,q,h 



p,k(n—k) 



n 
k 



p.q 



where < k < n\ nGl, satisfy the following properties 





p,u 




p,v 


n 




n 




k 




n — k 






p,q,h 




p,q,h 



n + 1 
k 

n + 1 
k 



fi,V 

p,q,h 
fi,v 

p,q,h 



vk 



P 



(p-l)k 



Q 



vk 



P 



(fi-l)k 



n 
k 

n 
k 



p,q,h 
p,q,h 



+ 



(v-l)(n+l-k) 



P 



,[i(n+l—k) 



+ 



v(n+l-k) 



P 



(M-l)(n+l-fc) 



n 

k-1 

n 

k-1 



<t 



r)h in 



n 
k 



p,q,h 
p,u 



- p,q,h 



J p,q,h 



(111) 



(112) 
(113) 

(114) 
□ 

(115) 

(116) 
(117) 



(118) 



Proof: There follow from the Proposition 15.41 and the fact that 

„n(n+l)/2 

where use of Eq. (1114j) has been made. 
The algebra A^ v qh) generated by {1, A, A\ N}, associated with (p, q, /x, u, h)- 
deformation, satisfies the following commutation relations: 

~ X A A 1 - —A^A = h(p, q) 



(119) 
□ 



P 



pp- 



pp 



qA A ] - y^A = h(p, q) 



P 



,p-i 



N+1 
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[N, A ] ] = A\ [N, A] = -A. (120) 

The (p, q, fi, v, /i)-Rogers-Szego[I0] polynomials are deduced from the above general 
construction by setting <pi(x,y) = x 1 ~ fl y lJ , 4>2(x,y) = x'^y"' 1 and (f> 3 (x,y) = . 
Indeed, <pi(p, q) ^ for i = 1, 2, 3; <f>i(P, Q)z k = (j>i(p, q) k z k for i — 1, 2 and the property 
(11181) furnishes 



n + 1 
k 



p,q,h 



Q 



vk 



(jj.-l)k 



P 



n 
k 



+ 



q 



u{n+l-k) 



p,q,h 



P 



n 

k-l 



q-P r ]f ,,u 

h{p, q) [Hlp ' q ' h 



n — 1 
k-l 



p,q,h 



fj,,v 



p,q,h 



Therefore, the (p, q, /i, is, /i)-Rogers-Szego polynomials are defined as follows: 



H n (z;p,q,n, u,h) = Y^ 



k=0 

with the three-term recurrence relation 



n 
k 



fl,U 



z k , n = 0,1,2- •• 



121^ 



p,q,h 



H n+1 (z;p,q,p, v, h) = H n \ ■ p,q,fi,u,h 



q 



+ z 



(v-l)n 



q 



,11 n 



P 



q 



- z ^P n ~ l' n ) H n-i(^ V, q, /i, v, h) (122) 



and (p, q, /i, is, h)— difference equation 

d p'q,h H n(z; p, q, /x, v, h) = [nf^H^z] p, q, /i, u, h). 
Hence, the set of polynomials 



(123) 



ip n (z;p,q,ii,p, h) 



-.H n (z;p,q,/j,u,h), n = 0,1,2,- •• (124) 



forms a basis for a realization of the (p, q, fi, is, h)— deformed algebra A PA ^ u> h satisfying 
the commutation relations (I120p with the number operator N formally defined as 

Nip%(z; p, q, fi, is, h) = mp n (z; p, q, fi, is, h), (125) 

together with the annihilation and the creation operators given by 



A = and ^ = } gl 



+ z 



(q — p 



p* J Q 



u-l 



h(p, q) 



respectively. 

The continuous (p, q, /i, is, h)— Hermite polynomials [10J can be now deduced as: 



Unicos 6; p,q,fi, is, h) = e my #„(e m \p,q, fi,u,h) 



E 

fc=0 



n 
k 



e i(n-2k)8^ n =0,1,2, 



(127) 



p,q,h 
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Since for the (p, q, fi, u, h)— deformation (f>x(x,y) = x^^y", (j) 2 (x,y) = x~^y u ~ l and 
(f>3(x,y) = V h(p q } ) from the Proposition 14.11 the corresponding sequence of continuous 
(p, q,fi, v, h)— Hermite polynomials satisfies the three-term recurrence relation 

q u % Q v 

Un+i(cos6;p,q,{i,is, h) = ^ ^ (cos 9; p, q, fi, v, h) 

Q-(u-l) 

+ — ttk — — H n (cos 9; p, q, fi, u, h) 

2 /-"A 1 

un 

- (P n -(l~ n )^ ^n-i (cos 9',p,q,n,v,h). (128) 

6. Concluding remarks 

In this paper, we have defined and discussed a general formalism for constructing 
(TZ,p,q)— deformed Rogers-Szego polynomials. The displayed approach not only 
provides novel relations, but also generalizes well known standard and deformed 
Rogers-Szego polynomials. A full characterization of the latter, including the data 
on the three-term recurrence relations and difference equations, has been provided. 
We have succeeded in elaborating a new realization of (1Z, p, q)— deformed quantum 
algebra generalizing the construction of q— deformed harmonic oscillator creation 
and annihilation operators performed in [SJ 13] ■ The continuous (1Z, p, q)— Hermite 
polynomials have been also investigated in detail. 

Finally, relevant particular cases and examples have been exhibited. 

Acknowledgements 

This work is partially supported by the Abdus Salam International Centre for 
Theoretical Physics (ICTP, Trieste, Italy) through the Office of External Activities 
(OEA) - Prj-15. The ICMPA is in partnership with the Daniel Iagolnitzer Foundation 
(DIF), France. 

References 

[1] Burban I M and Klimyk A U 1994 P, Q-diffcrcntiation, P, Q-integration, and P, Q-hypergeometric 
functions related to quantum groups Integral Transforms Spec. Fund. 2 15-36 

[2] Chakrabarti R and Jagannathan R 1991 A (p, q)— oscillator realization of two-parameter quantum 
algebras J. Phys. A: Math. Gen. 24 L711-18 

[3] Chari V and Pressley A 1994 A guide to Quantum groups (Cambridge: Cambridge University 
Press) 

[4] Floreanini R, Lapointe L and Vinet L 1993 A note on (p, q)— oscillators and bibasic hypergeometric 

functions J. Phys. A: Math. Gen. 26 L611-14 
[5] Galetti D 2003 A realization of the q-deformed harmonic oscillator: Rogers-Szego and Stieltjes- 

Wigert polynomials Braz. J. Phys. 33 148-57 
[6] Gasper G and Rahman M 1990 Basic Hypergeometric Series (Cambridge: Cambridge University 

Press) 



Characterization of (TZ,p, q) -deformed Rogers-Szego polynomials 



20 



Gelfand I M, Graev M I and Retakh V S 1994 (r, s)— hypergeometric functions of one variable 

Russian Acad. Sci. Dokl. Math. 48 591-96 
Hounkonnou M N and Bukweli Kyemba J D 2010 Generalized (1Z, p, q) — deformed Heisenberg 

algebras: coherent states and special functions J. Math. Phys. 51 063518 
Hounkonnou M N and Ngompe Nkouankam E B 2007 On (p, q, fi, v, <pi, cj>2) generalized oscillator 

algebra and related bibasic hypergeometric functions J. Phys. A: Math. Theor. 40 883543 
Hounkonnou M N and Ngompe Nkouankam E B 2007 New (p, q, /)— deformed states J. Phys. 

A: Math. Theor. 40 12113 
Ismail MEH 2005 Classical and Quantum Orthogonal Polynomials in one Variable (Cambridge: 

Cambridge University Press) 
Jagannathan R and Srinivasa Rao K 2006 Two-parameter quantum algebras, twin-basic numbers, 



and associated generalized hypergeometric series arXiv:math/0602613 
Jagannathan R and Sridhar R 2010 (p, g)-Rogers-Szego polynomials and the (p, g)-oscillator 

larXiv:1005.4309l d [math.QA] 
Jimbo M 1985 A q— difference analogue of U(g) and the Yang-Baxter equation Lett. Math. Phys 

10 63-9 

Klimyk A and Schmudgen K 1997 Quantum Groups and their Representation. (Berlin Heidelberg: 
Springer- Verlag) 

Koekoek R and Swarttouw R F 1998 The Askey-scheme of orthogonal polynomials and its 

q— analogue Report No. 98-17 (Delft University of Technology) 
Odzijewicz A 1998 Quantum algebras and g-special functions related to coherent states maps of 

the disc Commun. Math. Phys. 192 183-215 
Quesne C, Penson K A and Tkachuk V M 2003 Maths- type g-deformed coherent states for q > 1 

Phys. Lett. A 313 29 



